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ab initio calculations: what, why, when, how

what: simulate the properties of materials using Schrodinger and
Maxwell equations and chemical composition as the sole input
ingredients

why: they are accurate and predictive

when: if currently available approximations make the calculations
feasible and the results meaningful (and no meaningful results
can be obtained with cheaper methods)

how: using digital computers, clever algorithms, common sense, and
scientific rigor
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M>m: the Born-Oppenheimer approximation
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density-functional theory
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conjugate variables & Legendre

oF
p—_2=
oV
Vv Vv
Legendre transform: H(P,z) = E+ PV
properties: e [convex=VZ2P
e H(Px) = m‘ax(E(V, x) + PV)
H E
e Hellmann-Feynman: 6— = 8_
Ox Ox

e H concave

o E(V,x)= m];n(H(P, z) — PV)
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Hohenberg-Kohn DFT
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ElV] = min(¥|K + W + V|¥)
v

= min [<xpyf2+v“quf>+/p(r)v<r)dr]

e F[V]isconvex (requires some work to demonstrate)

properties: o
e p(r)= 5V (r) (from Hellmann-Feynman)
conseguences: e V(r)=p(r) (1st HK theorem)

o Flp|=F — /V(r)p(r)dr is the Legendre transform of F

e FE[V]=min |F[p] +/V(r)p(r)dr] (2nd HK theorem)
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XC energy functionals

LDA (Kohn & Sham, 60's)
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GGA (Becke, Perdew, et al., 80's)
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DFT+U (Anisimov et al., 90's)
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hybrids (Becke et al., 90's)
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p Hartree and XC potentials easy to represent and calculate



requirements

p orthogonality is a plus
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the Bloch theorem & plane waves

infinite crystals
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Y(x+ L) =(x) Born — von Karmdan PBC
Vr(x + a) = e* %y (z)
Vr(x) = e uy () Bloch theorem
ug(x + a) = ug(x)
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plane-wave basis sets
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plane-wave expansion
of LCAO orbitals
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trashing core states: pseudopotentials

pseudo-atoms do not have core states: valence states of any
given angular symmetry are the lowest-lying states of that
symmetry:

S

val IS hodeless and smooth

the chemical properties of the pseudo-atom are the same as
those of the true atom:
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sampling signals

Sampling Theorem-(Claude Shannon 1949)

A signal can be faithfully reconstructed from its sample

whenever the sampling frequency is larger than twice

the bandwith of the spectrum: vg > 2227?4




Fourier analysis

B(2) = 3 (e —n)

Oz + () = ()




Fourier analysis

B(2) = 3 (e —n)

Oz + () = ()

O(z) =) P(q)e'™ g = k=
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discrete Fourier transforms

27

fO)=0  fortg[0,T] — Aw= - f(t):Zf<k2%>e_“€Tt K>
k

f(w):O forw ¢ [-Q, Q] — At:2—7T f‘(w):Zf< 27T>ein§—6w N>

"20

. {tl _ %} F(t) = {fi = F(t)}
[=0,---N—1 N = Q_T
o {wkz %} flw) = (i = Flwi) !
k:_% ...%_1
~ 1 N1 kl
fe= D fre "R
- dFt



properties of the dFt

firn = [
Sk

fe+N



properties of the dFt

f, _ f discreteness in dual space
1+ N — )

- %

fk periodicity in the primary space

Je+N



properties of the dFt

f, _ f discreteness in dual space
Z—I—N N 1 \“/
fk—I—N — fk periodicity in the primary space



the fast Fourier transform

N-—-1

i = Z fle 2N O (N?) ops

[=0



the fast Fourier transform

= Z fie™2mw O (N?) ops

_2 21k (2l+1)k
E TN 4 E f2z+1e N



the fast Fourier transform

Z fe_ZMN O(N2) ops
N/2 1 N/2—1 -
— 274 2Lk aiBEDE
S e Y e
=0
N/2—1 N/2—1

i lk . -k ) DA Lk
E fore TTINIZ 47PN E farp1e” TN
[=0 [=0



the fast Fourier transform
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for k&N/2-1, this is the linear combination of two FFTs of order N/2




the fast Fourier transform
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the fast Fourier transform

fr = Z fle 2N O (N?) ops

O (N7)— O(Nlog(N))
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fieR —  fyv_w=1Ff

Fy = fi+g

. 1 - -
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gk = Z_i(Fk_FN—k)

get two, pay one!
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FFT of real data sets (Il)

flER — fN—k:fl:

nY

N .

2Fl:f2l‘|‘lf2l—1 120717.”3_1
N

Ny _ &% 2

get one, pay half!



multivariate FFTs
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multivariate FFTs

= Z 'CTF(G
G

F(r) = F(r+R) — ¢

7 1 —iG-r T
F(G)IE/Q F N?’Ze Gras 0 B imn
\ Imn
qus = pg1 + 482 + 583 qus "Tlimn
[ m n gi-a; = 2mo;; — 2w
Fimn = 7721 + N2 + ~ 23 = — (pl + gm + sn)
~ 1 . ka+ql+sm m
F(pg1,qg2,583) = e e " N F (%ah %32, Nag)
kim
pk:—i—qH—sm ~
F(£a), fay, Ras) = Y ™ N F(pg,qgs, 5gs)

pqs /
FFT L
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multivariate FFTs (lI)

F(k, l, m) _ Z eiQﬂ' Pk:—l—%\lr—I—Sm F(p7 0. S)

pqs
E : 12 B2 E : ’L27T E : 12w A -~
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N2 FFT(N)
N2 FET(N)
N2 FFT(N)
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Calt) = (A(t + ) A())
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correlation functions, convolutions, power spectra

Calt) = (At +)A(H))
- L i A(t+ A at’
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_ o k(ag—p)
E :e z27r—N :5qp

|
@)
Ly
N
)
)
=
=
AN
*
N——"
~
N
)
z
AN
=
N—"
2]~



Ca(t) = (A(t +1)A(t))
1 T—t

T—1 ),
L As A
T—1

1 .
/14
T—1

correlation functions, convolutions, power spectra

At +t) At )dt

@, (NQ) ops

1 o k(a—p)

i e—z27r N — )

N e
k

O(N log N) ops
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solving the Poisson equation

v —r'|
~ 4 _ -
V(@) =A@ gt
p(I‘) — ﬁ(G) Gma:l: ~
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