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Technological importance of correlated materials

Magnets for generators Thermoelectric devicesBatteries for e-cars

Photocatalysts Spintronic devices Dye-sensitized solar cells



Full electric vehicles
Mercedes-Benz EQC Porsche Taycan

Tesla Model S
Electric cars replace very rapidly fossil-fuel cars

The key components of electric cars are batteries

Batteries should have high power-to-weight ratio, 
   specific energy, capacity, be fast-rechargable,  
   not toxic, and safe



Li-ion batteries

Traditional Li-ion batteries use LiCoO2 cathode and a graphite anode (high specific energy and 80-90% 
    charge/discharge efficiency) 

Drawbacks of traditional Li-ion batteries: 
   Short life cycle, significant degradation with age, fire risk if cherged improperly.

Search for new more efficient batteries is highly needed

Computer quantum simulations can help to find new battery materials



Computational quest for novel correlated materials

Quantum-mechanical atomistic simulations are important for search and discovery of novel materials



Transition metals

Computational quest for novel correlated materials

Quantum-mechanical atomistic simulations are important for search and discovery of novel materials



Periodic Table

The partly filled d electrons in transition metals and the partly filled f electrons in the rare earths and actinides 
series give rise to the characteristic properties of these materials and their compounds.



Outline

DFT with (extended) Hubbard functionals 

Applications: electronic, vibrational, and spectroscopic properties

Calculation of Hubbard parameters from first principles



What is so special about correlated materials?
Electron configuration of Fe atom
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Electron configuration of Fe atom Electron band-structure of Fe solid

narrow energy bands of d character

“It is, in fact found experimentally that the d-electrons of transition metals exhibit behaviour characteristic 
of both the ordinary band model and the atomic model.” [1]
“…it is correlation effects in narrow bands which lead to the atomic behaviour…” [1]
[1] J. Hubbard, Proc. Roy. Soc. London A 276, 238 (1963). 

What is so special about correlated materials?



Modelling of correlated materials: what are the challenges?

Density-functional theory (DFT) is one of the most popular methods for modelling of various properties  
of materials from first-principles: crystal structure, electronic structure, magnetic ordering, etc.

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).                   W. Kohn and L. Sham, Phys. Rev. 140, A1133 (1965).
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First and foremost, this is due to large static self-interaction errors (SIE) which are inherent to  
“standard DFT”.
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Going beyond “standard” DFT
Methods

DFT with 
metaGGA functionals

DFT with 
hybrid functionals

DFT with 
Hubbard functionals

Dynamical mean 
field theory (DMFT)

Anisimov et al., 1991
Kulik et al., 2006
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Perdew et al., 1996

Georges et al., 1996
Kotliar et al., 2006Perdew et al., 2015



Going beyond “standard” DFT
Methods

DFT with 
metaGGA functionals

DFT with 
hybrid functionals

DFT with 
Hubbard functionals

Dynamical mean 
field theory (DMFT)

Anisimov et al., 1991
Kulik et al., 2006

Zhao et al., 2006 Becke et al., 1993
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Himmetogluet al., 2014Heyd et al., 2006

+ Improves the description 
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DFT+U



The main idea:

interacting electrons 
in the external potential

noninteracting electrons 
in the effective potential

The main idea:

U

DFT+U



DFT total-energy functional is corrected by the Hubbard-like term. 
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By taking a functional derivative of the DFT+U total-energy functional with respect to the complex-
conjugate Kohn-Sham wavefunction, we obtain an expression for the modified Kohn-Sham equations:

SELF-CONSISTENT
PROBLEM

DFT+U



Metallic vs insulating ground state
In some correlated materials, DFT predicts a metallic ground state, while DFT+U predicts an insulating one.

The insulating ground state is due to strong Coulomb electron-electron interactions between d electrons.

M. Imada et al., Rev. Mod. Phys. 70, 1039 (1998).  



DFT+U+V
In correlated materials with covalent interactions DFT+U and DMFT does not work very well!

Not only on-site Hubbard U is needed, but also inter-site Hubbard V should be included to describe hybri- 
dizations of orbitals centered on neighbouring sites.

V.L. Campo Jr. et al., J. Phys.: Condens. Matter 22, 055602 (2010).  
I. Timrov, N. Marzari, M. Cococcioni, in preparation.
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In correlated materials with covalent interactions DFT+U and DMFT does not work very well!

Not only on-site Hubbard U is needed, but also inter-site Hubbard V should be included to describe hybri- 
dizations of orbitals centered on neighbouring sites.

V.L. Campo Jr. et al., J. Phys.: Condens. Matter 22, 055602 (2010).  
I. Timrov, N. Marzari, M. Cococcioni, in preparation.

The DFT+U+V total energy:

The generalized occupation matrix:

V

U



The main question of the DFT+U and DFT+U+V methods:

What values of the Hubbard U&V parameters to use?
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Linear-response calculation of U using cDFT
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Phys. Rev. Lett. 49, 1691 (1982)

“Density-Functional Theory for Fractional Particle Number:  
Derivative Discontinuities of the Energy”

Approximate DFT deviates from the exact  
piece-wise linearity due to self-interactions         



Linear-response calculation of U using cDFT

T
ot

al
 e

ne
rg

y
Exact
DFT
Hubbard corr.

add linearity & remove quadraticity  



Linear-response calculation of U using cDFT

T
ot

al
 e

ne
rg

y
Exact
DFT+U

add linearity & remove quadraticity  

restoring the piece-wise linearity of the total energy



Linear-response calculation of U using cDFT

T
ot

al
 e

ne
rg

y
Exact
DFT+U

add linearity & remove quadraticity  

restoring the piece-wise linearity of the total energy

So how do we define Hubbard U based on this knowledge? 



Linear-response calculation of U using cDFT
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Hubbard U parameter is computed as a second derivative of the DFT total energy wrt number  
of electrons in the Hubbard manifold (e.g. the d shell of a transition metal atom). 

self-consistent 
term

bare (non-interacting) 
term

M. Cococcioni and S. de Gironcoli, 
Phys. Rev. B 71, 035105 (2005).
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Calculation of U using density-functional perturbation theory

primitive 
cell

q points

Main idea: Recasting of an isolated perturbation in a supercell as a sum of monochromatic 
perturbations in a primitive cell in reciprocal space using density-functional perturbation the- 
ory (DFPT).

I. Timrov, N. Marzari, and M. Cococcioni, Phys. Rev. B 98, 085127 (2018).

Fast, automatic, efficient, accurate method to compute U from first principles.



Calculation of U using density-functional perturbation theory
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Calculation of U using density-functional perturbation theory

The DFPT approach to compute U is 
implemented in Quantum ESPRESSO:

The HP code
(Hubbard Parameters)

The HP code contains:

9 examples

documentation

If you have questions, ask them on the pw_forum.

But first read the posting guidelines:

https://www.quantum-espresso.org/forum

There is a hands-on on how to use the HP code:

https://agenda.ethernet.edu.et/event/33/



Applications



I. Electronic structure of BiMnO3

I. Timrov, N. Marzari, and M. Cococcioni, in preparation.



Charge-transfer 
     insulator

Metal

I. Timrov, N. Marzari, and M. Cococcioni, in preparation.

I. Electronic structure of BiMnO3



II.Formation energies of SrMnO3

C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, Phys. Rev. B 99, 094102 (2019).



II.Formation energies of SrMnO3

C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, Phys. Rev. B 99, 094102 (2019).

In a perfect crystal Ueff is global, i.e. the same for all Mn atoms.

In a crystal with defects (oxygen vacancies) Ueff is different for 
different Mn atoms depending on the distance from the defect.



C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, Phys. Rev. B 99, 094102 (2019).
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C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, Phys. Rev. B 99, 094102 (2019).

Changes in the total-energy differences and in the formation energy reflect the strong dependence  
on the value of the Hubbard Ueff parameter.

Total-energy differences between defective  
cells with AFM and FM ordering

Formation energy for three types of defects 
for the AFM ordering

II.Formation energies of SrMnO3



III. Formation energies of SrTiO3

C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, in preparation.
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C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, in preparation.
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C. Ricca, I. Timrov, M. Cococcioni, N. Marzari, and U. Aschauer, in preparation.
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IV. Electronic and vibrational properties of CoO

A. Floris, I. Timrov, B. Himmetoglu, N. Marzari, S. de Gironcoli, and M. Cococcioni, in preparation.

DFT: metallic ground state (wrong)
DFT+U: insulating ground state (correct)

Electronic band structure



IV. Electronic and vibrational properties of CoO

A. Floris, I. Timrov, B. Himmetoglu, N. Marzari, S. de Gironcoli, and M. Cococcioni, in preparation.

DFT: metallic ground state (wrong)
DFT+U: insulating ground state (correct)

Electronic band structure

DFPT: the structure is dynamically unstable

DFPT+U: the structure is dynamically stable 
and the agreement with expt. is very good

Phonon dispersion



V. X-ray absorption near-edge structure of LaFeO3

I. Timrov, P. Agrawal, Z. Zhang, S. Erat, R. Liu, A. Braun, M. Cococcioni, M. Calandra, N. Marzari, and D. Passerone, in preparation.
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V. X-ray absorption near-edge structure of LaFeO3
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Inclusion of the inter-site Hubbard V and of the  
core-hole effect is needed
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VII. Voltages of Li-ion batteries: LiFePO4 & LiMnPO4

M. Cococcioni and N. Marzari, Phys. Rev. Materials 3, 033801 (2019).

Average voltage: DFT: underestimate voltages

DFT+U: overestimate voltages

DFT+U+V: excellent agreement with experiments



Take-home messages

However, inter-site Hubbard V is crucial for accurate energetics of complex 
oxides with covalent interactions; 

On-site Hubbard U greatly improves the description of structural, electronic, 
magnetic, and vibrational properties;

Extended Hubbard functionals with U & V should be used for a complete and 
accurate modelling of correlated materials.  

Hubbard parameters can be computed from first-principles using density-
functional perturbation theory (fast, accurate, efficient approach);
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